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ABSTRACT
We calculate the one-instanton contribution to the prepotential in N = 2 su-
persymmetric SU(Nc) Yang-Mills theory from the microscopic viewpoint. We find
that the holomorphy argument simplifies the group integrations of the instanton
configurations. For Nc = 3, the result agrees with the exact solution.
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Following the works by Seiberg and Witten[1], the quantum moduli space of the N = 2 supersymmet-
ric QCD in the Coulomb branch has been studied extensively [2- 5]. The holomorphy and duality in the
low energy effective theory determine the prepotential exactly, which includes the non-perturbative in-
stanton effects. From the microscopic viewpoint, this exact result provides a non-trivial and quantitative
test to the method of instanton calculations [6,7,8].
The perturbative non-renormalization theorem[9] shows that in the N = 2 supersymmetric Yang-
Mills theory the first non-trivial correction to the prepotential beyond the one-loop effect is the one-
instanton contribution[10]. Finnell and Pouliot [11] compute the four-fermi interaction in N = 2 SU(2)
Yang-Mills theory [10] and show that the amplitude is the same as the one predicted by the exact
prepotential. In this letter, we shall perform the one-instanton calculation for the N = 2 supersymmetric
SU(Nc) Yang-Mills theory, and determine the one-instanton correction to the prepotential. Our result
agrees with the known exact result for Nc = 3 case [3] and satisfies the various limits required from the
exact solution.
One of the difficulties in the direct instanton calculation in the Higgs and Coulomb phase is the group
integration over the instanton configurations. This integration is done over the embedding of the SU(2)
to SU(Nc), where the instanton resides. The stability group of this embedding is U(1)×SU(Nc−2)[12],
while the integrand has the additional SU(2) symmetry. Hence the group integration to be performed
is over the Grassmannian manifold U(Nc)/(U(2)× U(Nc − 2)).
This group integration has been studied [13,14] in the case of the N = 1 supersymmetric SU(Nc)
QCD with (Nc − 1) fundamental matters in the Higgs phase[6,8,13,14]. In this case, one can choose
special vacuum expectation values of the matter scalar fields with global SU(Nc − 1) symmetry, which
make the group integration easily. For the N = 2 SU(Nc) Yang-Mills theory in the Coulomb phase,
however, it is impossible to make such a simplification, since the vacuum expectation values of the adjoint
scalar fields break all the non-abelian gauge symmetries and cannot have such a global symmetry.
One of the new points in the present work is to apply the holomorphy argument [15,7,16] to the
group integration. From the holomorphy, the result of the group integration should be independent of
the expectation values of the conjugate scalar fields. This fact allows us to tune these vacuum expectation
values as simple as possible, while the vacuum expectation values of the scalar fields are kept as arbitrary.
Thus we can calculate the four point function of the classically massless fermions directly.
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The N = 2 supersymmetric Yang-Mills theory contains an N = 1 chiral multiplet φ = (A,ψ) with
the adjoint representation as well as an N = 1 vector multiplet Wα = (vµ, λ). The Lagrangian is
L = 2
∫
d4θTr(φ†e−2gV φe2gV ) +
1
2g2
(∫
d2θTrWαWα + h.c.
)
, (1)
where g is the gauge coupling constant. We will examine this Lagrangian in terms of component fields
in the Wess-Zumino gauge.
The potential term (g2/4)Tr([A,A†]2) has the classical flat directions
〈A〉 = ΩA0Ω†,
A0
j
i = aiδ
j
i
(
Nc∑
i=1
ai = 0
)
,
(2)
where Ω is an element of SU(Nc). For generic ai’s, the non-abelian symmetry is completely broken to
U(1)Nc−1 and the system is in the Coulomb phase.
Let us first consider the case that the scalar vacuum expectation values vanish. Then the classical
euclidean equation of motion of the gauge field has instanton solutions. In the singular gauge, the
instanton solution with unit topological charge located at the origin is given by vµ =
2
g
ρ2η¯aµνxν
x2(x2+ρ2)GJ
aG†
[17], where η¯aµν is ’t Hooft η-symbol [18] and ρ is the instanton size. G ∈ SU(Nc), and the Ja are
the generators of the SU(2) subgroup obtained by the upper-left-hand corner embedding of the two-
dimensional representation of SU(2) into the Nc-dimensional representation of SU(Nc) [19]. Substituting
the instanton solution into the gauge kinetic term of the action (1), the action takes the value Sg =
8π2
g2 .
The bosonic zero-modes depend on the instanton configurations, the size ρ, the location x0 and the
freedom of the embedding G. From the gauge invariance, this embedding is determined by the SU(Nc)
rotation of the scalar vacuum expectation values Ω in (2). Hence, fixing G = 1, the integration measure
for the bosonic degrees of freedom is given by [12,13]
24Nc+2π4Nc−2µ4Nc
(Nc − 2)!(Nc − 1)!g4Nc
∫
dρρ4Nc−5
∫
dΩ
∫
d4x0, (3)
where the group integration is normalized as
∫
dΩ = 1. Here we have introduced the regulator mass µ.
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Let us consider the fermionic part. Using supersymmetry and superconformal symmetry, the gaugi-
nos have the following zero-modes:
λSSαa
b
= −
√
2ρ2
π
xµxνηcνλη¯dµλ(τ
cξSS)α
x2(x2 + ρ2)2
(Jd)a
b
,
λSCαa
b
=
ρ
π
xν η¯cνλ(τ
+
λ ξSC)α
(x2 + ρ2)2
(Jc)a
b,
λαa
b =
ρi√
2π
xµ(τ
−
µ )acεcαξ
b
(x2 + ρ2)3/2
√
x2
,
λ¯ bαa =
ρi√
2π
xµ(τ
+
µ )αbξ¯a
(x2 + ρ2)3/2
√
x2
,
(4)
where we have introduced the Grassmann odd numbers ξSS
α, ξSC
α, ξa and ξ¯a (α = 1, 2, a = 3, · · · , Nc)
to label the gaugino zero-modes. εab denotes the 2 by 2 anti-symmetric tensor with ε12 = 1, and the τ
+
µ
and τ−µ denote (σ,−i) and (σ, i), respectively. The matter zero-modes are given by the similar expressions
as (4), and we use ζ instead of ξ to label them. The measure for the fermionic zero-modes is given by∫
d2Ncξd2Ncζµ−2Nc [18].
Now we turn on the vacuum expectation values of the scalar fields. The instanton solution is not an
exact solution anymore. But if the instanton size ρ is much smaller than the vacuum expectation values,
the field equations are well approximated by
⋆
DµGµν = 0 and D
2A = 0. Thus the instanton solution
remains as the solutions in this approximation. In order to discuss the solutions for scalar fields, it is
convenient to divide the row and column of the the scalar field into the following blocks;
A =
(
A(1) A(2)
A(3) A(4)
)
, (5)
where A(1), A(2), A(3) and A(4) are 2 × 2, 2 × (Nc − 2),(Nc − 2)× 2 and (Nc − 2)× (Nc − 2) matrices,
⋆ See [6] and [20] for more detailed discussions
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respectively. Then, the solutions for the scalar fields are given by
A(1)(x) =
x2
x2 + ρ2
〈A〉(1)tl +
1
2
Tr(〈A〉(1))I2,
A(2,3)(x) =
√
x2
x2 + ρ2
〈A〉(2,3),
A(4)(x) = 〈A〉(4),
(6)
where I2 is the 2× 2 identity matrix, and 〈·〉tl denotes the traceless part.
The classical matter action under the non-vanishing scalar expectation values is given by substituting
the kinetic term of the matter in (1) with the approximate classical solutions (6) and the instanton
solution. We thus obtain
Sm = 8π
2ρ2f,
f = Tr
(
〈A†〉(1)tl 〈A〉
(1)
tl +
1
2
〈A〉(3)〈A†〉(2) + 1
2
〈A〉(2)〈A†〉(3)
)
.
(7)
When the scalars have non-vanishing expectation values, the zero-modes other than the supersym-
metric ones form Dirac mass terms 2(ζ¯SC , ζ, ζ¯)M(ξ¯SC , ξ, ξ¯)
t through the Yukawa-coupling
∫
d4x2
√
2gi
Tr(ψ[A†, λ]). By substituting the fermionic zero-modes (4) and the solutions of the scalar fields (6) into
the Yukawa-coupling, we obtain the following mass matrix M :
M =
gi
2


√
2ε〈A†〉(1)tl (〈A†〉(3))t ε〈A†〉(2)
〈A†〉(3) 0 −Tr〈A†〉(1)√
2
INc−2 +
√
2〈A†〉(4)
(ε〈A†〉(2))t −Tr〈A†〉(1)√
2
INc−2 +
√
2(〈A†〉(4))t 0

 , (8)
where INc−2 denotes the (Nc − 2)× (Nc − 2) identity matrix.
The integration over the non-supersymmetric zero-modes gives the contribution of the determi-
nant of the mass matrix: det(2M). Since there remain the two supersymmetric zero-modes of each
matter fermion and gaugino field, we must insert two matter fermion and two gaugino fields into a
correlation function. The appropriate choice of the fields is given by the classically massless fermions
ψ†0(x) = Tr(〈A〉ψ†(x)), and similarly for λ†0(x). Since the Yukawa couplings with the non-vanishing
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scalar expectation values mix λ and ψ, the surviving supersymmetric zero modes λSS and ψSS smear to
ψ† and λ†, respectively. To the first order in ρA, the smearing to ψ† is estimated by the classical field
equation of ψ†: σµD∗µψ†−
√
2g[A†, λSS ] = 0. A similar equation can be derived for λ†0(x), and we obtain,
for x− x0 ≫ ρ,
ψ†0(x1)ψ
†
0(x2)λ
†
0(x3)λ
†
0(x4) ∼ (πgρ2f)4
(
1
2
ξ2SS
)(
1
2
ζ2SS
)
S4F , (9)
where we have introduced the notation S4F = S
αβ
F (x1 − x0)SFαβ(x2 − x0)Sα
′β′
F (x3 − x0)SFα′β′(x4 − x0)
with SF and x0 denoting the fermion propagator and the location of the instanton, respectively. The
insertion of (9) will eliminate the remaining supersymmetric zero-modes in the fermionic integration
measure.
After the integration over the fermionic zero-modes and the size of the instanton ρ, we obtain the
four point function
〈ψ†0(x1)ψ†0(x2)λ†0(x3)λ†0(x4)〉 =
Λ2NcNc Γ(2Nc + 2)
27π2g2Nc−2(Nc − 2)!(Nc − 1)!
∫
dΩ
detM
(gf)2Nc−2
∫
d4x0S
4
F , (10)
where we have introduced the dynamical scale Λ2NcNc = µ
2Nc exp(−8π2/g2).
Now we discuss the integration over the group manifold
∫
dΩ. The integration domain can be
enlarged from SU(Nc) to U(Nc) trivially. Also one can easily see, from the explicit definition of M and
f , that the integrand has the symmetries of U(2) × U(Nc − 2), where the U(2) is the unitary adjoint
rotation of the upper-left-hand corner, and the U(Nc−2) is that of the bottom-right-hand corner. Hence
the integration to be done is over the Grassmannian manifold U(Nc)/(U(2)×U(Nc−2)). This integration
looks very complicated. We will show that the holomorphy argument [15,7,16] simplifies the integration.
We will begin with the simplest case Nc = 3. The parameterization of the Grassmannian manifold
6
and the measure are given by [13]
Ω =
(
(1− yy†)1/2 −y
y† (1− y†y)1/2
)
,
y =
(
y1
y2
)
,
∫
dΩ = 2
r1+r2<1∫
0<r1,r2
dr1dr2,
(11)
where we have used the fact that the integrand depends on the y1 and y2 only through r1 =| y1 |2,
r2 =| y2 |2, because there remain U(1)2 symmetry for the flat direction (2).
Parameterizing the scalar vacuum expectation values as a1 = v − w, a2 = −v − w and a3 = 2w,
we get an explicit form for the integrand detM/(gf)4. From the holomorphy argument, the result of
the integration must be independent of the conjugate fields v∗ and w∗. Physically, we must regard v∗
and w∗ as the complex conjugates of v and w, but mathematically, by the analytic continuation, we can
regard v∗ and w∗ as the variables independent of v and w. Thus we have the freedom to set the values
of v∗ and w∗ to make the integrands as simple as possible.
One of choices is to set w∗ = 0. In this case detM and f become
detM =− g
4v∗4
64
(16r21 − 8r31 + r41 − 16r1r2 + 8r21r2 − 4r31r2 + 16r22 + 8r1r22
+ 6r21r
2
2 − 8r32 − 4r1r32 + r42),
f =2v∗(4v − 2vr1 − (v + 3w)r21 − 2vr2 + 2vr1r2 − (v − 3w)r22).
(12)
The indefinite integration over r1 and r2 can be performed explicitly with the elementary functions.
Thus we obtain ∫
dΩ
detM
(gf)4
= − v
2 + 3w2
16v2(9w2 − v2)2 . (13)
Another choice is to set v∗ = 0. In this case, the vacuum expectation values of the conjugate scalar field
has an enhanced symmetry of SU(2), and the integrand becomes simpler. By setting naively v∗ = 0, we
7
obtain
detM
(gf)4
= − 1
4(6w + (v − 3w)r1 − (v + 3w)r2)4 . (14)
Since the denominator of (14) consists of a linear function of r1 and r2, the integration seems to be easily
done. But one finds that this naive integration does not give the correct answer, since the procedures of
setting v∗ = 0 and the integration do not commute at the origin r1 = r2 = 0. By blowing up near the
origin, one finds that there is a delta functional contribution from the origin:
2
r1+r2<+0∫
0<r1,r2
dr1dr2
detM
(gf)4
= − 1
2433v2w2
. (15)
Adding the integration of (14) to (15), we again obtain the result (13).
Since the denominator of the result (13) is proportional to the discriminant △3 =
∏
i<j(ai−aj)2, the
result diverges when two of the ai have the same value. This condition of the divergence is characterized
by f = 0. In fact, if we assume f = 0 and take 〈A†〉 = 〈A〉†, we obtain two of the ai’s must take the
same value.
Now we evaluate the order and the numerical factor of the divergence for the general case of SU(Nc).
Let us introduce an infinitesimal parameter ǫ, and parameterize the vacuum expectation values of the
scalar field as follows:
〈A〉 = ΩA0Ω†,
A0 =
(
A0
(1) 0
0 A0
(4)
)
,
A0
(1) =
(
a+ ǫ 0
0 a− ǫ
)
,
〈A†〉 = ΩA¯0Ω†.
(16)
where A0
(4) and A¯0 are diagonal matrices. But here the conjugate scalar expectation values A¯0 are taken
to be independent of the A0, and we assume the diagonal elements of A¯0 take different values from each
other. One notices that the vacuum expectation values (16) are the flat directions.
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Since f = ǫ(a¯1 − a¯2) for Ω = 1, the important contribution of the integration will come from the Ω
which gives f ∼ O(ǫ). Hence we blow up Ω as
Ω =
(
U1
√
ǫU2√
ǫU3 U4
)
. (17)
Substituting (17) into (16) and using the unitarity of the Ω, we obtain
f =ǫ
(
a¯1 − a¯2 + Tr
(
A0
(4)A¯0
(4)
W †W
)
− aTr
(
W †WA¯0
(4)
)
− 1
2
Tr
(
A¯0
(1)
)
Tr
(
A0
(4)W †W
)
+
a
2
Tr
(
W †W
)
Tr
(
A¯0
(1)
))
+O(ǫ2),
(18)
where W = U†1U2.
Since detM depends only on 〈A†〉, the lowest order of detM is O(ǫ0). The 0-th order of Ω in ǫ is an
element of the invariant group U(2) × U(Nc − 2). Hence it is enough to evaluate detM under Ω = 1,
and we obtain
detM = −1
4
(
g2
2
)Nc−1
(a¯1 − a¯2)2
Nc∏
i=3
(
a¯i − a¯1 + a¯2
2
)2
. (19)
The integral measure is explicitly defined by
dΩ =
1
VNc
Nc∏
i=1,j=1
d2Ωijδ(ΩΩ
† − 1),
δ(ΩΩ† − 1) =
Nc∏
i=1
δ((ΩΩ†)ii − 1)
Nc∏
j<k
δ2((ΩΩ†)jk),
(20)
where VNc is a normalization constant. Using the result in the literature [12], this volume factor is
obtained as VNc = π
Nc(Nc+1)
2
∏Nc
k=2
1
(k−1)! . Substituting (17) into (20), we obtain, in the lowest order of ǫ,
∫
dΩ
detM
(gf)2Nc−2
= ǫ2(Nc−2)
V2VNc−2
VNc
∫
dW
detM
(gf)2Nc−2
, (21)
where we have integrated over the invariant group U1 × U4 ∈ U(2) × U(Nc − 2), and have changed the
integration variable U2 by the transformation W = U
†
1U2.
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To evaluate the integration, let us parameterize
W =
(
y3 · · · yNc
z3 · · · zNc
)
. (22)
Then we get
f = ǫ
(
a¯1 − a¯2 +
Nc∑
i=3
(
a¯i − a¯1 + a¯2
2
)
(ai − a)(| yi |2 + | zi |2)
)
,
dW =
Nc∏
i=3
π2d | yi |2 d | zi |2 .
(23)
Thus we finally obtain ∫
dΩ
detM
(gf)2Nc−2
∼ −(Nc − 1)!(Nc − 2)!
2Nc+1(2Nc − 3)!
1
ǫ2
∏Nc
i=3(ai − a)2
. (24)
for a1 = a+ ǫ and a2 = a− ǫ. Here the dependences on a¯i have certainly disappeared.
From the gauge invariance, the full expression must be a symmetric function of ai. If we also assume
the full expression is a rational function of ai, we obtain, by a dimensional consideration, a unique result
∫
dΩ
detM
(gf)2Nc−2
= −(Nc − 1)!(Nc − 2)!
2Nc(2Nc − 3)!
△′Nc(a)
△Nc(a)
, (25)
where
△Nc(a) =
Nc∏
k<l
(ak − al)2,
△′Nc(a) =
Nc∑
i=1
Nc∏
k<l,k 6=i,l 6=i
(ak − al)2,
(
△′Nc(a) = 2 for Nc = 2
)
.
(26)
Note that the present formula (25) for Nc = 3 agrees with (13).
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Substituting (25) into (10), we finally obtain the four point function
〈ψ†0 (x1)ψ†0 (x2)λ†0(x3)λ†0(x4)〉 = −
Λ2NcNc Γ(2Nc + 2)
2Nc+7π2g2Nc−2Γ(2Nc − 2)
△′Nc(a)
△Nc(a)
∫
d4x0S
4
F (27)
Now we will derive the 1-instanton correction of the prepotential from the result (27). In the N = 1
language, the N = 2 SU(Nc) SYM theory has the following low energy effective Lagrangian density:
L = 1
4π
Im
[∫
d4θ
(
∂F(φ)
∂φi
φ¯i
)
+
∫
d2θ
1
2
(
∂2F(φ)
∂φi∂φj
WαiWαj
)]
=
2
g2
∫
d4θ
(
Trφiφ¯i
)
+
1
8π
Im
∫
d2θ
(
∂2F1
∂φi∂φj
WαiWαj
)
+ · · · ,
(28)
where F1 denotes the 1-instanton correction to the prepotential.
The 1-instanton correction to the four point function is given by
〈ψ†0(x1)ψ†0(x2)λ†0(x3)λ†0(x4)〉 =
g8
27πi
〈aj〉〈ak〉〈al〉〈am〉 ∂
4F1
∂aj∂ak∂al∂am
∫
d4x0S
4
F . (29)
Comparing with the 1-instatanton calculation (27) and taking into account the rescaling of the fields by
g
⋆
, we obtain
F1 = −
iΛ2NcNc
2Ncπ
△′Nc(a)
△Nc(a)
. (30)
One can check this result (30) by using consistency under the matching condition of the gauge
coupling. Parameterize the scalar vacuum expectation values as
ai = a
′
i − b (i = 1, · · · , Nc − 1),
aNc = (Nc − 1)b,
(31)
and consider b is very large compared to a′i. Then, below the scale b, the gauge group of the system is
⋆ The normalizations of the kinetic terms are different by g between (1) and (28)
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effectively SU(Nc − 1) with the dynamical scale given by the following matching condition [11]:
m2Λ
2(Nc−1)
Nc−1 = Λ
2Nc
Nc
. (32)
Here the matching scale m is the mass of the gauge bosons of the gauge symmetry broken by the b, and
its value is m2 = 2(Ncb)
2. On the other hand, substituting (31) into (30), we obtain, in the large b limit,
F1 = −
iΛ2NcNc
2Ncπ(Ncb)2
△′Nc−1(a′)
△Nc−1(a′)
+ o(b−2). (33)
Using the matching condition (32), this is nothing but the 1-instanton correction (30) with the gauge
group SU(Nc − 1).
A further check comes from the exact solutions discussed recently. The discussions are based on the
hyperelliptic curve [2,4]
y2 =
Nc∏
i=1
(x− ei)2 − (ΛexNc)2Nc , (34)
where ai ∼ ei classically. Taking the b very large and rescaling the x and y appropriately, one obtains
the following matching condition[4]:
(ΛexNc)
2Nc = (Ncb)
2(ΛexNc)
2(Nc−1) (35)
Comparing with the physical matching condition (32), the both scales should have the following relation:
ΛexNc = 2
d−Nc
2Nc ΛNc , (36)
where d is a parameter to be fixed. Substituting (36) into (30) and (28), we obtain
F = i
(
4π
g20
− Nc
2π
ln(ΛexNc)
2 + · · ·
)
Tr(φ2)− i(Λ
ex
Nc
)2Nc
2dπ
△′Nc(a)
△Nc(a)
+ · · · , (37)
where we have explicitly written down the dynamical scale dependence of the one-loop correction to
compare the prepotential (37) with the exact solutions unambiguously
∗
∗ Actually, the normalization of the prepotential depends on literatures.
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The explicit expressions of the one-instanton corrections of the exact prepotentials for the SU(2)
and SU(3) cases are known [1,3]:
F exSU(2) = i
(
− 1
4π
ln(Λex2 )
2 + · · ·
)
Tr(φ2)− i(Λ
ex
2 )
4
24π
△′2(a)
△2(a) + · · · ,
F exSU(3) = i
(
− 3
4π
ln(Λex3 )
2 + · · ·
)
Tr(φ2)− i(Λ
ex
3 )
6
23π
△′3(a)
△3(a) + · · · .
(38)
Normalizing with the one-loop coefficients, our result (37) with d = 2 agrees with the exact solutions
(38) for the both cases. Further this d = 2 agrees with the discussions by Finnell and Pouliot [11], who
derived the similar relation between the scales for the Nc = 2 case by discussing the physical matching
condition of the gauge couplings between the original and the effective theories.
We have explicitly performed the 1-instanton calculation and derived the 1-instanton correction
to the prepotential from the microscopic point of view. Although there appeared a difficulty in the
integration over the Grassmannian manifold U(Nc)/(U(2) × U(Nc − 2)), we have done this integration
by using the holomorphy argument effectively. The present method would be applicable to other gauge
groups and the N = 2 massive QCD. Concerning the higher instanton contributions, it seems a quite
interesting problem to calculate them from the microscopic approach and compare them with the exact
solutions. We note that the holomorphy argument holds for general N = 1 supersymmetric theories.
Therefore our method will be effective for other N = 1 models.
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